Riemann type integrals for functions taking values in a locally convex space by Marraffa, V.
Czechoslovak Mathematical Journal
Valeria Marraffa
Riemann type integrals for functions taking values in a locally convex space
Czechoslovak Mathematical Journal, Vol. 56 (2006), No. 2, 475–490
Persistent URL: http://dml.cz/dmlcz/128079
Terms of use:
© Institute of Mathematics AS CR, 2006
Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.
This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz
Czechoslovak Mathematical Journal, 56 (131) (2006), 475–489
RIEMANN TYPE INTEGRALS FOR FUNCTIONS
TAKING VALUES IN A LOCALLY CONVEX SPACE
V. Marraffa, Palermo
(Received August 29, 2003)
Abstract. The McShane and Kurzweil-Henstock integrals for functions taking values
in a locally convex space are defined and the relations with other integrals are studied.
A characterization of locally convex spaces in which Henstock Lemma holds is given.
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1. Introduction
The aim of this paper is to study the McShane and the Kurzweil-Henstock integrals
for functions defined on a bounded interval of the real line and taking values in
a locally convex space. It is known that for Banach valued functions, Henstock
Lemma may fail to be true. Banach spaces for which this lemma holds have been
characterized by Skvortsov and Solodov in [14] and by Di Piazza and Musia l in [3].
Nakanishi in [10] and Sakurada and Nakanishi in [11] extended the McShane and
the Kurzweil-Henstock integrals to functions taking values in vector spaces called
(UCs-N) spaces. The Banach spaces, the Fréchet spaces and the strict inductive
limits of Fréchet spaces can be defined as complete (UCs-N) spaces. In particular,
they proved that if f : [a, b] → X is a McShane or Kurzweil-Henstock integrable
function and X is a Hilbertian (UCs-N) space endowed with nuclearity, Henstock
Lemma holds. It is natural to ask for which locally convex spaces the lemma is true.
We define (see § 3) the McShane and the Kurzweil-Henstock integrals for functions
taking values in a locally convex space and study their properties.
Supported by MURST of Italy.
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In § 4 we establish that the McShane integral lies between the Bochner and the
Pettis integral.
The main result of the paper is that in a Fréchet space Henstock Lemma holds
true if and only if the space is endowed with nuclearity (Theorem 4).
2. Definitions and notation
Let X be a Hausdorff locally convex topological vector space (briefly a locally
convex space) with its topology T and topological dual X∗. P(X) denotes a family
of T -continuous seminorms on X so that the topology is generated by P(X). For
p ∈ P(X), let Vp = {x ∈ X : p(x) 6 1}, so that V 0p , the polar of Vp in X∗, is a
weak∗-closed, absolutely convex equicontinuous set in X∗.
For a set E of the real numbers |E|, χE and ∂(E) denote respectively the Lebesgue
outer measure, the characteristic function and the boundary of E. A set E ⊂   is
called negligible if |E| = 0. F denotes the family of all Lebesgue measurable subsets
of [0, 1]. The word “measurable” as well as the expression “almost everywhere”
(abbreviated as a.e.) always refer to the Lebesgue measure. An interval is a compact
subinterval of
 
. A collection of intervals is called nonoverlapping if their interiors are
disjoint. The symbol I denotes the family of all subintervals of [0, 1]. A partition P
in [0, 1] is a collection {(Ii, ti) : i = 1, . . . , s}, where I1, . . . , Is are nonoverlapping
subintervals of [0, 1] and t1, . . . , ts ∈ [0, 1]. Given a set E ⊂
 
, we say that P is








(iii) a Perron partition if ti ∈ Ii, i = 1, . . . , s.





A gauge δ on E ⊂ [0, 1] is a positive function on E. For a given gauge δ on E a
partition P = {(Ii, ti) : i = 1, . . . , s} in [0, 1] is called δ-fine if Ii ⊂
(




A function f : [0, 1] → X is called weakly-measurable if the function x∗f is mea-
surable for every x∗ ∈ X∗.
We recall the following definitions (see [2, Definition 2.4]).
Definition 1. A function f : [0, 1] → X is said to be strongly (or Bochner)
integrable if there exists a sequence (fn)n of simple functions such that
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fn converges in X for each measurable subset A of [0, 1].
In this case we put (B)
∫
A f = limn→∞
∫
A fn.
Definition 2. A function f : [0, 1] → X is said to be integrable by seminorm
if for any p ∈ P(X) there exist a sequence (f pn)n of simple functions and a subset































= 0 for every p ∈ P(X).
We then put
∫
A f = yA.
Clearly a Bochner integrable function is integrable by seminorms, and the two
definitions coincide in a Banach space.
Definition 3. A function f : [0, 1] → X is said to be Pettis integrable if x∗f is
Lebesgue integrable on [0, 1] for each x∗ ∈ X∗ and if for every measurable set E ⊂







∗f(t) dt for all x∗ ∈ X∗.
The set function ν : F → X is called the indefinite Pettis integral of f . It is
known that ν is a countably additive vector measure, continuous with respect to the
Lebesgue measure (in the sense that if |E| = 0 then ν(E) = 0).
3. McShane and Kurzweil-Henstock integrals
From now on X will be a complete locally convex space.
Definition 4. A function f : [0, 1] → X is said to be McShane integrable (re-
spectively, Kurzweil-Henstock integrable) (briefly McS-integrable (KH-integrable))
on [0, 1], if there exists a vector w ∈ X with the following property: given ε > 0
and p ∈ P(X) there exists a gauge δp on [0, 1] such that for each δp-fine partition






We denote by McS([0, 1], X) (respectively, KH([0, 1], X)) the family of all McS-







0 f). Clearly a McS-integrable function is KH-integrable. The vector w in
Definition 4 is uniquely determined by f ∈ McS([0, 1], X) (KH([0, 1], X)). Indeed,
let f ∈ McS([0, 1], X) (respectively, KH([0, 1], X)) and let w1 and w2 be two vectors





< 12ε for each δ
i
p-fine partition of [0, 1]. If δp = min{δ1p, δ2p}, for
all δp-fine partitions of [0, 1], we get









From the arbitrariness of ε we get that p(w1 − w2) = 0 for all p ∈ P(X). Since the
space X is Hausdorff it is separated, hence w1 = w2.
The following proposition can be proved in a standard way.
Proposition 1. Let f : [0, 1] → X and g : [0, 1] → X be two McS-integrable
(respectively, KH-integrable) functions, then:
(i) the function f + g is McS-integrable (KH-integrable);
(ii) for each α ∈   the function αf is McS-integrable (KH-integrable);
(iii) if x∗ ∈ X∗ the real valued function x∗f is Lebesgue integrable (Kurzweil-
Henstock integrable).
Proposition 2. A function f : [0, 1] → X is McS-integrable (respectively, KH-
integrable) on [0, 1], if and only if for each ε > 0 and p ∈ P(X) there exists a
gauge δp on [0, 1] such that
p
(
σ(f, P1)− σ(f, P2)
)
< ε
whenever P1 and P2 are δp-fine partitions (Perron partitions) of [0, 1].
	
. Necessity can be proved in a standard way. To prove sufficiency, given
ε > 0 and p ∈ P(X) there exists a gauge δp on [0, 1] such that
p
(





whenever P1 and P2 are δp-fine partitions of [0, 1]. Let D = {(L , m) : L is a finite
subset of P(X) and m ∈  } and define for (L , m) and (K , n) ∈ D , (L , m) 
(K , n) if and only if L ⊂ K and m 6 n. Now let L = {p1, . . . , pk} be a finite
subset of P(X). Since P(X) is filtering, we can find a seminorm pL ∈ P(X) and
a constant cL > 1 such that for every i ∈ {1, . . . , k} and x ∈ X ,
(1) pi(x) 6 cL pL (x).
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For each (L , m) ∈ D choose a positive function δLm such that, if P1 and P2 are
two δLm -fine partitions of [0, 1], then
(2) pL
(






Without loss of generality we can set δLm 6 min{δp1m , . . . , δpkm }, where δpim , i = 1, . . . , k
is the gauge corresponding to the seminorm pi and to ε = 1/m. Moreover, we
can assume that, for each fixed L , the sequence (δLm )m is non-decreasing. For
any (L , m) ∈ D , let PLm be a δLm -fine partition of [0, 1]. The family {σ(f, PLm ) :
(L , m) ∈ D} is a Cauchy net. Indeed, let p ∈ P(X) and ε > 0. Choose N ∈  such
that 1/N < 12ε. If (L , m)  ({p}, N), the partition PLm is δLm -fine and hence also
δ
{p}
m -fine, and analogously if (K , n)  ({p}, N), the partition PKn is δKn -fine and
hence also δ{p}n -fine. So considering a δ
{p}
N -fine partition P
{p}
N , since if N 6 m < n
then δ{p}N 6 δ
{p}
m 6 δ{p}n , we obtain by (1) and (2):
p
(






















As the space X is complete there exists a vector w such that the net {σ(f, PLm ) :
(L , m) ∈ D} converges to w. We want to prove that w is the integral of f . To do
this fix ε > 0 and let q ∈ P(X). Since {σ(f, PLm ) : (L , m) ∈ D} converges to w
there exists a natural number N with 1/N < 12ε such that
(4) q
(





whenever ({q}, N)  (L , n). Now let P be a δ{q}N -fine partition of [0, 1]. By (4)
and (3) we obtain
q
(
















and the assertion follows. 
The following lemma can be proved, as in the real case, by the Cauchy test.
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Lemma 1. Let f : [0, 1] → X be a McS-integrable (respectively, KH-integrable)
function. Then, if 0 6 a 6 b 6 1, fχ[a,b] is McS-integrable (KH-integrable).
For each f ∈ McS([0, 1], X) (respectively, f ∈ KH([0, 1], X)), the interval function
F (I) = (McS)
∫
I
f (F (I) = (KH)
∫
I
f) is called the primitive of f . For a McS-
integrable (KH-integrable) function the following version of Henstock Lemma holds
and can be proved as in the real case.
Lemma 2. Let f : [0, 1] → X be a McS-integrable (respectively, KH-integrable)









for each δp-fine partition (Perron partition) P = {(Ii, ti) : i = 1, . . . , s} in [0, 1].
Remark 1. If the previous inequality holds when the seminorm p is inside the
summation sign Σ, the function f is said to satisfy Henstock Lemma. For real valued
functions Henstock Lemma is satisfied by every McS-integrable (or KH-integrable)
function. For vector valued functions this is no longer true.
4. Relation between the McShane and the Kurzweil-Henstock
integrals and other types of integral
In this section we will establish some relations between the integrals defined by
means of Riemann sums and the Bochner and the Pettis integral.
We recall that a function f : [0, 1] → X is called simple if there exist x1, x2, . . . ,




Following an idea of Fremlin ([5]), we will prove that each integrable by seminorm
function is McS-integrable. First we need the following lemmas.
Lemma 3. If f : [0, 1] → X is a simple function then f ∈ McS([0, 1], X).
	
. Since the McS-integral is linear, it is sufficient to consider the case
f(x) = χE(x) · w where E is a measurable set in [0, 1] and w is a non null vector
in X . For each I ∈ I put F (I) = |E ∩ I | · w. Choose an open set G and a closed





dist(x, G) if x ∈ F,
inf{dist(x, ∂(G)) ; dist(x, F )} if x ∈ G \ F,
dist(x, F ) if x ∈ [0, 1] \G.
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6 2p(w) · |G \ F |.
If p(w) = 0 the assertion follows trivially, otherwise we choose F and G such that
|G \ F | < ε/2p(w). Therefore f ∈ McS([0, 1], X) and F (I) = |E ∩ I | · w. 
Lemma 4. Let f : [0, 1] → X be a function. Given ε > 0 and p ∈ P(X), there















for each δp-fine partition P = {(Ii, ti) : i = 1, . . . , s} of [0, 1], where the integral in
the last inequality is the upper Lebesgue integral.
	








otherwise the inequality is obvious. Choose a real-valued function g on [0, 1] such














dt. Given ε > 0, find δp(x)






























Proposition 3. Let f : [0, 1] → X be a function which is integrable by seminorm.
Then it is McS-integrable (and also KH-integrable) and the two integrals coincide.
	


























for each δ1p-fine partition P = {(Ii, ti) : i = 1, . . . , s} of [0, 1]. By Lemma 4 there is



















Let δp = min{δ1p, δ2p} and take a δp-fine partition P = {(Ii, ti) : i = 1, . . . , s} of [0, 1].





























































which implies the McS-integrability of f . 
Since a Bochner integrable function is integrable by seminorm we get
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Corollary 1. If f : [0, 1] → X is a Bochner-integrable function then it is McS-
integrable (and KH-integrable) and the two integrals coincide.
Remark 2. If f : [0, 1] → X , h : [0, 1] → X are two functions such that f =
h a.e., then f ∈ McS([0, 1], X) (respectively, KH([0, 1], X)) if and only if h ∈







Now we are going to see when a KH-integrable function is integrable by seminorm.
Theorem 1. Let f : [0, 1] → X be a measurable by seminorm function. Then
f is integrable by seminorm if and only if f is KH-integrable and for each p ∈ P(X),






. The necessity has been proved in Proposition 3. For the converse
implication, we observe that if f : [0, 1] → X is a measurable by seminorm function









is integrable. So the assertion follows by ([2, Theorem 2.10]). 
We investigate now the relationship between the Pettis and the McShane integral.
For each p ∈ P(X), p−1(0) is a vector subspace and p defines a norm on X/p−1(0).
Let Xp be the associated Banach space, namely the completion of the normed linear
space X/p−1(0), and πp the canonical mapping of X into Xp (see [12, 0.11.1]). Given
a function f : [0, 1] → X and a seminorm p ∈ P(X), define a function fp : [0, 1] →
Xp by




for t ∈ [0, 1].
Remark 3. We note that if f : [0, 1] → X is McS-integrable (respectively, KH-
integrable) then also fp : [0, 1] → Xp is McS-integrable (KH-integrable). Indeed, let
w denote the McS-integral (KH-integral) of f . Choose ε > 0, p ∈ P(X) and find a

















from (9) we get
p
(




Theorem 2. Let f : [0, 1] → X be a McS-integrable function. Then the func-
tion f is Pettis integrable.
	
. By the previous remark we get that for each p ∈ P(X) the function
fp : [0, 1] → Xp is McS-integrable. Then by ([6, Theorem 2C]) fp is Pettis integrable.
Since X is complete, it follows from [1, Lemma 2.9] that the function f is Pettis
integrable. 
When the range space is a Banach space it is known that a measurable Pettis
integrable function is McS-integrable ([7, Theorem 17]). For functions taking values
in a locally convex space the problem is investigated in [8].
Theorem 3. Let f : [0, 1] → X be a function which is measurable by seminorm.
Then f is integrable by seminorm if and only if f is McS-integrable and for each






. Necessity has been proved in Proposition 3. To prove the converse, let
f : [0, 1] → X be a measurable by seminorm function such that for each p ∈ P(X),









Moreover, by Theorem 2 the function f is Pettis integrable, and the assertion follows
by ([2, Theorem 2.6]). 
5. Integrals of functions with values in nuclear
locally convex spaces
Nakanishi in [10] and Sakurada and Nakanishi in [11] extended the definition of the
McShane and the Kurzweil-Henstock integral to functions taking values in a ranked
vector space ((UCs-N) space) defined as the ranked union space of a certain partially
ordered class of countably pseudo-metric spaces. Moreover, they showed that the
Henstock Lemma holds true for the case when the (UCs-N) space is a Hilbertian
(UCs-N) space endowed with nuclearity. A Fréchet space is a particular case of
the complete (UCs-N) space satisfying the separation property. The main result of
this paper is Theorem 4, in which we prove that in a Fréchet space the Henstock
Lemma holds if and only if the space is nuclear. The necessary part was proved
in [10, Theorem 1] and [11, Theorem 1]. Our proof is different, moreover, we give a
complete characterization of Fréchet spaces in which Henstock Lemma holds true.
For Banach valued functions this problem was investigated by Skvortsov and
Solodov in ([14, Theorem 3]) for functions defined on an interval of the real line
and by Di Piazza and Musia l in ([3, Theorem 3]) for functions whose domain is an
outer regular σ-finite quasi-Radon measure space.
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The symbol ϕ denotes the null vector of X . If V is a convex, balanced neighbour-
hood of ϕ, denote by MV (x) = inf{λ : x/λ ∈ V, λ > 0} the Minkowski functional
of V . Then MV is a continuous seminorm on X and XV = X/M−1V (0) is a normed
linear space.
We recall the following definitions (see [12]):
Definition 5. Let X be a locally convex space and Y a Banach space. A linear





where {fn}n is an equi-continuous sequence of continuous linear functionals on X ,





Definition 6. A locally convex space X is called a nuclear space if, for any
convex balanced neighborhood V of ϕ, there exists another convex balanced neigh-
borhood U ⊆ V of ϕ such that the canonical mapping
T : XU → X̂V
where X̂V is the completion of XV , is nuclear.
We recall that a locally convex space X is a Fréchet space or simply an (F)-space if




xi in X is unconditionally convergent if for each permutation n(i) of
positive integers the series
∑
i
xn(i) converges ([9, p. 116]). Our main result follows:
Theorem 4. Let X be an (F)-space. Then Henstock Lemma holds true for each
McS-integrable (or KH-integrable) function f : [0, 1] → X if and only if X is nuclear.
	
. Assume that X is a nuclear (F)-space and let {pn}∞n=1 be a sequence of
seminorms determining the topology of X . For each n, Xn is the completion of the
quotient space X/p−1n (0). We can suppose that the sequence {pn}∞n=1 is increasing,
then there is a natural continuous embedding
πn : Xn+1 → Xn
of the space Xn+1 into the space Xn. Since the space X is nuclear, for each n, πn is
an absolutely summing operator (see [12, 4.4.6]), that is, there exists a positive con-














Moreover, f is McShane integrable, so for a fixed ε > 0 and for n = 1, 2, . . . it is


































and this is true for every natural number n. Therefore Henstock Lemma holds.
To prove the converse implication assume that Henstock Lemma holds and sup-
pose that the space X is not nuclear. By the Grothendieck version of Dvoretzky
Rogers Theorem in (F)-spaces ([13, Theorem 7.3.2]), let
∑
n
xn be an unconditionally
convergent series which is not absolutely convergent. Let C be the Cantor set in [0, 1]
and denote by (ari , b
r
i ), r > 0, 1 6 i 6 2r the contiguous intervals of length 1/3r+1










ϕ if t ∈ C or t = dri , i = 1, . . . , 2r, r = 0, 1, . . . ,
3r
2r




xr if t ∈ (dri , bri ), i = 1, . . . , 2r, r = 0, 1, . . . .
We want to prove that f is McShane integrable to ϕ. Indeed, fix ε > 0 and let












For any sequence of real numbers (θi)∞R+1 satisfying the condition |θi| 6 1 for i =







































































Uri , U =
∞⋃
R=0








. Moreover, let K = max{p(x1), . . . , p(xR)} and choose a positive
real number % such that %K3R+1 < 12ε. Define δp(ξ) as follows:
δp(ξ) =
{
min{|ξ − ari |, |ξ − bri |, |ξ − dri |} if ξ ∈ Uri , i = 1, . . . , 2r, r = 0, 1, . . . ,
% if ξ ∈ V.











. For i = 1, . . . , s each interval Ii is either



















Let us estimate the two sums separately. From the definition of f and of δp(ξ) for
ξ ∈ Uri , it follows that there are numbers θri , 0 6 r 6 R, i = 1, . . . , 2r, such that















































































ϕ if t ∈ C,
3r
2r




(t− bri )xr if t ∈ (dri , bri ), i = 1, . . . , 2r, r = 0, 1, . . . ,
be the primitive of f . Since the series
∞∑
i=0
p(xi) is not absolutely convergent there





Define a gauge δp relatively to ε0 as before. Let N be a natural number for which
1








, r = m, . . . , n, i = 1, . . . , 2r
}
































which is in contradiction with the hypothesis that Henstock Lemma is valid. There-
fore the assertion holds. 
488
Corollary 2. Let X be an (F)-space. Then the McShane integrability is equiva-
lent to the Bochner integrability if and only if X is nuclear.
	
. Assume that X is a nuclear (F)-space and let f : [0, 1] → X be a McS-
integrable function. By Proposition 1, for each x∗ ∈ X∗ the real valued function x∗f





is integrable and therefore f is strongly integrable (see [4,
p. 257]). The converse follows from Theorem 4. The function f constructed in the
proof of the previous theorem is a McS-integrable function such that the real valued
function pf is not McS-integrable, therefore f cannot be Bochner integrable ([2,
Proposition 2.5]). 
Acknowledgment. The author thanks Professor L. Di Piazza and Professor
K. Musia l for helpful discussions and comments.
References
[1] Sk. Jaker Ali, N. D. Chakraborty: Pettis integration in locally convex spaces. Analysis
Math. 23 (1997), 241–257. Zbl 0892.46003
[2] C. Blondia: Integration in locally convex spaces. Simon Stevin 55 (1981), 81–102.
Zbl 0473.46031
[3] L. Di Piazza, K. Musia l: A characterization of variationally McShane integrable Ba-
nach-space valued functions. Illinois J. Math. 45 (2001), 279–289. Zbl 0999.28006
[4] H. G. Garnir, M. De Wilde, and J. Schmets: Analyse Fonctionnelle, T. II, Mesure et
Intégration dans L’Espace Euclidien En. Birkhauser-Verlag, Basel, 1972.
Zbl 0227.28002
[5] D. H. Fremlin: The generalized McShane integral. Illinois J. Math. 39 (1995), 39–67.
Zbl 0810.28006
[6] D. H. Fremlin, J. Mendoza: On the integration of vector-valued functions. Illinois
J. Math. 38 (1994), 127–147. Zbl 0790.28004
[7] R. A. Gordon: The McShane integral of Banach-valued functions. Illinois J. Math. 34
(1990), 557–567. Zbl 0685.28003
[8] V. Marraffa: The McShane integral in a locally convex space. Rocky Mountain J. (2006).
To appear.
[9] C. W. McArthur, J. R. Retherford: Some applications of an inequality in locally convex
spaces. Trans. Amer. Math. Soc. 137 (1969), 115–123. Zbl 0176.42602
[10] S. Nakanishi: The Henstock integral for functions with values in nuclear spaces. Math.
Japonica 39 (1994), 309–335. Zbl 0927.26011
[11] K. Sakurada, S. Nakanishi: Equivalence of the McShane and Bochner integrals for func-
tions with values in Hilbertian (UCs-N) spaces endowed with nuclearity. Math. Japonica
47 (1998), 261–272. Zbl 0908.28009
[12] A. Pietsch: Nuclear Locally Convex Spaces. Springer-Verlag, Berlin and New York, 1972.
Zbl 0236.46001
[13] S. Rolewicz: Metric Linear Spaces. D. Reidel Publishing Company, Warszawa, 1985.
Zbl 0573.46001
489
[14] V. A. Skvortsov, A. P. Solodov: A variational integral for Banach-valued functions.
R.A.E. 24 (1998/9), 799–806. Zbl 0967.28007
Author’s address: Department of Mathematics, University of Palermo, Via Archirafi,
34, 901 23 Palermo, Italy, e-mail: marraffa@math.unipa.it.
490
